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e Why exotic

fundamental charge e charge of onesingleelectron proton
Fractional quantum Hall effort FAKE Nobel1998

R
u ez integer attef U EQ FOHE

Frational charge of v e

of Laughlin state

n

It

Fractional change appears in many body systems

3 Why interesting to many people

related to many other topics
math knottheoy Jones polynomial Turan Viro inv

Reshetihin Turan inv modular tensor categories Feige's
lecture

2 knot higher categories

pay Ione fane apologia insular
realmaterials

quantum information topological quantum computation

by Freedman Kitaev

fault tolerant quantum computation




















































4 Why hard deep

A number of degrees of freedom
is dimensional space
thins of

sina.ggIgonytmanytodyauntmmech
emergence of























is Qikum Xue quantumanomalyHalleffort1988 2013

TKNN.tt dutame Chernnumber

topological K theory Cliffordalgebra
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Hilbert	space	on	torus

5

	square	lattice,	 	(spin	1/2)	on	each	linkL × L ℂ2

ℋ = ⊗link j ℂ2

IQ



H Hilbertspace

Hamiltonian it Jesse

eigenvalues of H are energies En of the system
Ground state is the eigenvectorwith the lowest energy so

The ground state of TC represents H 732 2 212 22

claim robust grand stats

Topological quantum information



Hamiltonian
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H = − ∑
s

As − ∑
p

Bp

As = ∏
j∈star(s)

σx
j Bp = ∏

j∈∂p
σz

j

site plaque

Pauli operator

x rx Y 2 8 fi



Algebraic relations of As Bp

As I Ashaseigenvaluestf III aas asas
EEZ Bp Bp

Bp 1 us Bp

Bp Bp 0

CAs Bp AsBp BpAs 0

fz7 Xz ZX AsBp BpAs

H EAS Tp Bp

Ground state 11 of TC

As 7 Bp117 1 47 Usp

Stringnepresentation As Tox Tx 1

def Ex 1 string

Fx tl no sting I

lowenergy As 1 Ei I ft ft V



highenergy As 1 t
ground state As 47 117 A closed stringy loops

As 41
IS FLY

As Ase i
111

high energy

Bp T Z flip Ati e re l

A one
avocation

small loops

I change shapes

of closed loops
Bp c hap

mode

Vetosed
loopconfiguration

H EAS E Bp
d

closedloop
huge

shapes

Assume 117 Eglopac d Ace 0 is the groundstate

Bp117 2 a lotap E Aarp to
14 Each
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The ground state coefficients of k andchop shouldbethesame
or Loops that are homology to each other havethe same coefficient

enforce closed loop constraints

As T1 conf lo such that there are only
closed loops in C

Bp ti lo and to top have the same coefficient
God 2

mod out homologous loops
Ground state subspace of TC
closed loops boundaries of 2D surfaces on torus

H T Zu 22 22

1a I 7 108 10 f t

4 fold dogenerary of Tc on torus

1700 8 100 t

441 1 74 87 107 t

1701 1 18187 140 t

141 I 7 18 1 t

us E
uns



EI square lattice

H EgAs Pga
Bp

As HEY Bp ZET 111 IIIAs Bp 0

projector

fremim

As I for every site s ofthe torus
closed fig property of the GS

of 1 for link j

if Dao Lt

GS of Tc As117 Bp147 117 Ks p
I Ack a ed

As117 125 c is closed loop conf

Bp177 127 Bp Each Eac kop
Fda

I Actop o

Iac la

Actop Ac Up
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Ija
is a functionof Zz homology class of C

Differentclassesoftalbosonic fermionic
degrees of freedom

Not emergent excitations
Example bosonic Tonic code has emergent fermions
long range entangled short range entangled

LEE SRE

entanglement 1 Ta at
in Qm d d

Add Distancestructure

Ex

idea

Tc is long range entangled

Art
I As 1 ontorus

Aff A Ast I for s et
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measure RE topological entanglement entropy

S Canealaw Stop T wit t

L o e

with without symmetries

Ising Zz Symon

Sue Uh

time reversal
u

Given a symmetry group G there may be many
dittent topological phases If we can break G

they may become the same phase

phase diagram



Xz X G broken
12 0 symmetric

no phasetransition
into break symm

Iifgymmet.ie line
phasetransition point

bosonic fermion

SRE LRE

invertible
No symm topo order

ITO topo order to

symmetry protected

topo order spy
symmetry enriched

topo order SET

Statement The collection of all topological phases
forms a Abelian monoid f group without inverse
The collection of all SRE phases

has an Abeliangroup structure

anyone bmots
I b 42L A B B A

l



phantom
stackperation

mymonoid here

Et identity
associativity obvious

if

hases

group
FEE El a inverseEphases for t SRE phaseE

3 17 To

retiepoint link
particle

loop like
particle



Wilson	operators
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For	a	loop	 ,	define	Wilson	loop	operator	
,	the	ground	states	are	related	by
C

WC = ∏
j∈C

σz
j

WCx
, WCy

I As TyBp

As HY Bp EZ you gougetheory
W Ei SeAndxm

Bp is the smallest Wilson loop operator



’t	Hooft	operators

16

For	a	dual	loop	 ,	define	’t	Hoo_	operator	
,	the	ground	states	are	related	by

C
VC̃ = ∏

j⊥C̃

σx
j

VC̃x
, VC̃y

As is the smallest tHooft operator



Heisenberg	algebra	from	 	and	W V

17

For	a	loop	 	and	dual	loop	 ,	we	haveC C̃
WCVC̃ = (−1)#C∩C̃VC̃WC

which	has	smallest	representaNon	dim	4.

Wa Va VyWax



	excitationse
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Endpoints	of	Wilson	operator	 	are	
electric	charge	excitaNons	 .

WC
e

As1
= As2

= − 1C

As≠s1,s2
= 1

Bp = 1

|es1
es2

⟩ = WC |GS⟩
Asks14

in

AsWeGs WeAs Gs
As HE Walas



	excitationsm
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Endpoints	of	’t	Hoo_	operator	 	are	
magneNc	charge	excitaNons	 .

VC̃
m

Bp1
= Bp2

= − 1

C̃ As = 1
Bp≠p1,p2

= 1

|mp1
mp2

⟩ = VC̃ |GS⟩



Statistics

20

• 	and	 	can	be	used	to	create	/	move	
	and	 	excitaNons	

• Full	braiding	of	 	and	 	gives	-1	sign

WC VC̃
e m

e m

−1 −1
W

V

W W

V V

É.tt



Anyons

21

• In	(2+1)	dimensions,	point-like	excitaNons	
(anyons)	can	have	any	raNonal	number	
staNsNcal	phases.	

• Anyons	in	toric	code:	 	
• Both	 	and	 	are	bosons;	 		is	fermion	
• 	have	mutual	braiding	phase	-1

1,e, m, f = em
e m f

e, m, f

f _e_YE ribbon
operator
withframing

boson era e e e

III

e a



knot/link	in	(2+1)D	spacetime

22

anyon	worldlines	in	(2+1)D	<—>	knot/link	in	3D

I 2

eio anyone



Hopf	link

23

e m
= − 1

For	the	toric	code	model,	mutual	staNsNcs	
of	 	and	 :e m

In	general,	for	a	link	of	 	and	 	worldlines,	
we	have	staNsNcal	phase	 .	
Anyon	models	->	knot/link	invariants

e m
(−1)linking #



Summary

24

• Toric	code	model	is	a	commuNng	
projector	Hamiltonian	on	torus	

• Ground	state	subspace 	
• Anyons	braiding	staNsNcs	and	knot/link	
invariants	

• GeneralizaNons	of	toric	code	model	
later…

≅ H1(T2, ℤ2)



Exampled Haldane's honeycomb model

It Another Haldane chain ID spin 1 Heisenberg
NobelRolf chain

Haldane 1988 quantum Hall effect without Landau levels

now alsocalled quantumanomalous Halleffort
Chern insulator

Properties Cl free fermion system hopping on 2D honeycomb

lattice6 break time reversal symmetry
3 has nontrivial topology windingnumber Chern

number
4 nontrivial Hall conductance nontrivial

chiral edge state

spinless fermion hopping on the lattice

real space Ho Ey t city
momentum span

Ho EH E
o

hok
htt

hk t Ie't'd t I ask ai Tx t.zsinck.at E
spectrum Edt I hat



OI Diraccone

Add more terms to gap out Ho

opposite onsite energy IM to sublattie A B

Ha Ho

Intl
add second nearest neighbor hopping

real H tE Cig IitzI city I MICitci

momentum HR Hok ME t 2tz Sin R bi Tz

EEtHainEytIysigEE
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spectrum Ek I 51nF ftp tt

too tho

I lattice I Ok Lyelx
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F ONE2T
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g.am nntnviasmt2

go
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T É



E

EI

HK BR F

EG FBK
nomalice E BYg

ER I

FEI
Fisk

y TE Bz 5

K H IR

Homotopy type of the map it determines
the topological properties of the Haldane model

Berry connection winding number Cherian number


